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OBSERVATIONS ON A THEOREM OF ALMGREN AND LIEB
NICOLA GAROFALO
Abstract. In 1989 Almgren and Lieb proved a rearrangement inequality for the Sobolev spaces
of fractional orderW s,p. When p = 2 the square of the seminorm inW s,2 of an indicator function
is the nonlocal perimeter of Caffarelli, Roquejoffre and Savin. In this note we use the Fourier
transform to compute explicitly the nonlocal perimeter of a ball. On one hand, this allows to
extract from the inequality of Almgren and Lieb the nonlocal isoperimetric inequality with an
explicit constant (which is optimal in view of a result of Frank and Seiringer). On the other hand,
combining such result with Da´vila’s refinement of a theorem of Bourgain, Brezis and Mironescu,
we show that, in the limit as sր 1/2, the nonlocal isoperimetric inequality of Almgren and Lieb
converges to De Giorgi’s isoperimetric inequality.
1. The nonlocal isoperimetric inequality and its limit as sր 1/2
In their 1989 paper [2, Theorem 9.2 (i)], Almgren and Lieb proved that, if f ∈ W s,p, for
0 < s < 1 and 1 ≤ p <∞, then also f⋆ ∈W s,p and
(1.1) ||f⋆||W s,p ≤ ||f ||W s,p ,
where f⋆ denotes the non-increasing rearrangement of |f |. Here, for 1 ≤ p < ∞ and s > 0 we
have denoted by W s,p the Banach space of functions f ∈ Lp with finite Aronszajn-Gagliardo-
Slobedetzky seminorm,
(1.2) [f ]p,s =
(∫
RN
∫
RN
|f(X)− f(Y )|p
|X − Y |N+ps
dXdY
)1/p
,
see e.g. [1] or also [11]. Notice that if δλf(X) = f(λX), with λ > 0, then [δλf ]p,s = λ
−N+ps[f ]p,s.
Throughout this note we assume N ≥ 2. Consider now the nonlocal perimeter of a set according
to Caffarelli, Roquejoffre and Savin in [7], i.e.,
(1.3) Ps(E) = [1E ]
2
2,s = [1E ]1,2s.
By the above noted scaling property, we have Ps(δλE) = λ
N−2sPs(E). We also note the alter-
native expression which follows from the second equality in (1.3)
(1.4) Ps(E) = 2
∫
Ec
∫
E
dXdY
|X − Y |N+2s
,
where Ec = RN \ E.
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2 OBSERVATIONS ON A THEOREM OF ALMGREN AND LIEB
It is generally known to the experts that (1.1) contains the following nonlocal isoperimetric
inequality: given 0 < s < 1/2, there exists a constant i(N, s) > 0 such that for any bounded
measurable set E ⊂ RN , such that |E| <∞, one has
(1.5) Ps(E) ≥ i(N, s) |E|
(N−2s)/N ,
but we could not locate an explicit derivation of such implication in the literature. In the
Appendix of their 2008 work [13] on sharp Hardy inequalities Frank and Seiringer have settled
the extremal case in (1.1). As a by-product, in their formula (4.2) they established (1.5), and
proved that the equality holds if and only if E is a ball, similarly to what happens in the local
case in [10]. The best constant is given in the following implicit form
(1.6) i(N, s) =
NCN,s,1
(N − 2s)
ω
2s
N
N ,
where
(1.7) CN,s,1 = 2σN−2
∫ 1
0
r−(1−2s)(1− rN−2s)
∫ 1
−1
(1− t2)
N−3
2
(1− 2rt+ r2)
N+2s
2
dtdr,
see (4.2) and (1.4) in [13]. The reader should be aware that in [13] s ranges in (0, 1), whereas
our s ∈ (0, 1/2). Therefore, in such formulas one should change s into 2s, and (1.6), (1.7) reflect
such change. Although the behaviour of (1.7) as s → 1/2 or 0 can be understood, the integral
does not seem to be explicitly computable, in general. In [13] the authors provide the explicit
values of CN,s,1 for N = 1 or 3 (in (1.6), and hereafter, ωN = σN−1/N where σN−1 =
2π
N
2
Γ(N/2) is
the (N − 1)-dimensional volume of the unit sphere SN−1 ⊂ RN ).
The interest in the constant i(N, s) in (1.5) is connected with the celebrated works of Bourgain,
Brezis and Mironescu [4, 5], see also [6] for an overview of the results in those papers and their
broader ramifications. Among other things the authors discovered a new characterisation of the
spaces W 1,1 and BV based on the study of the limiting behaviour of the spaces W s,p as s → 1.
In [4, Theor. 3] they proved that if f ∈W 1,1, then
(1.8) lim
n→∞
∫
RN
∫
RN
|f(X)− f(Y )|
|X − Y |
ρn(|X − Y |)dXdY = KN,1||f ||W 1,1 ,
where ρn is a suitable family of radial mollifiers, and the constant KN,1 is twice the number
appearing in the right-hand side of (1.11) below. In [4, Theor. 3’] they showed that a function
f ∈ L1 belongs to BV if and only if lim inf
n→∞
∫
RN
∫
RN
|f(X)−f(Y )|
|X−Y | ρn(|X − Y |)dXdY < ∞, and in
such case there exist universal constants C1, C2 > 0 such that
C1||f ||BV ≤ lim inf
n→∞
∫
RN
∫
RN
|f(X)− f(Y )|
|X − Y |
ρn(|X − Y |)dXdY(1.9)
≤ lim sup
n→∞
∫
RN
∫
RN
|f(X)− f(Y )|
|X − Y |
ρn(|X − Y |)dXdY ≤ C2||f ||BV .
We also mention the earlier work [17] in which the authors had already settled the case p = 2
of the Bourgain-Brezis-Mironescu limiting theorem. Moreover, in connection with (1.4), we note
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that in his work [16] Maz’ya considered the set function Iα,p(E) =
∫
Ec
∫
E
dXdY
|X−Y |N+αp
and, using
the classical isoperimetric inequality, he showed that if 0 < α < 1 and p = N/(N − 1 + α),
then the following inequality holds for any bounded open set E ⊂ RN with sufficiently smooth
boundary,
(1.10) Iα,p(E)
N−1
N−αp ≤ c(N,α, p)P (E),
where P (E) is De Giorgi’s perimeter, see [9], and c(N,α, p) is an explicit constant, see (6.7) in
[16]. Although the definition of nonlocal perimeter Ps(E) was only later introduced in [7], we
note here that if for any 0 < s < 1/2 we take αp = 2s, then keeping (1.4) in mind we obtain from
(1.10): Ps(E)
N−1
N−2s ≤ c(N, s)P (E). Keeping track of the constant c(N, s) in this inequality and
passing to the limit as s ր 1/2, one can extract the right-hand side of the s-perimeter version
of (1.9) (but not the best constant).
In answer to a question posed in [4], J. Da´vila in [8, Theor. 1] refined the limiting formula
(1.9). As a consequence of his result, he proved
(1.11) lim
sր1/2
(1/2 − s)Ps(E) =
(
1
2
∫
SN−1
| < eN , ω > |dσ(ω)
)
P (E),
where eN = (0, ..., 0, 1).
In this note we return to the rearrangement inequality (1.1) of Almgren and Lieb, and using
the Fourier transform we explicitly compute i(N, s) in (1.5). Precisely, we prove the following
result.
Proposition 1.1. Let 0 < s < 1/2. The Almgren-Lieb inequality (1.1) implies that for any
measurable set E ⊂ RN such that |E| <∞, one has
(1.12) Ps(E) ≥
Npi
N
2
+sΓ(1− 2s)
2sΓ(N2 + 1)
2s
N Γ(1− s)Γ(N+2−2s2 )
|E|(N−2s)/N .
Remark 1.2. For any fixed s ∈ (0, 1/2) the constant which appears in the right-hand side of the
inequality (1.12) is the optimal one Ps(B1)/|B1|
N−2s
N . This follows from the proof of Proposition
1.1, and from the cited result of Frank and Seiringer stating that equality occurs in (1.5) if and
only if E is a ball.
Next, we show that combining Proposition 1.1 with Da´vila’s refinement (1.11) of (1.9), it is
possible to recover De Giorgi’s isoperimetric inequality in [10].
Proposition 1.3. Let E ⊂ RN be a measurable set with |E| <∞. Then,
Proposition 1.1 + Da´vila’s (1.11) =⇒ P (E) ≥ Nω
1
N
N |E|
N−1
N .
In the next section we prove these two results.
2. Proof of Propositions 1.1 and 1.3
We begin with the
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Proof of Proposition 1.1. Let E ⊂ RN be a measurable set such that |E| < ∞. For p = 2 and
s ∈ (0, 1), we find from (1.1) and (1.3),
Ps(E) = [1E ]
2
2,s ≥ [1E⋆ ]
2
2,s,
where E⋆ denotes the open ball centred at the origin having measure |E|, i.e., E⋆ = B(0, R)
with ωNR
N = |E|. Using Plancherel theorem (we adopt the definition of Fourier transform
fˆ(ξ) =
∫
RN
e−2πi<ξ,x>f(x)dx, which gives ||f ||2 = ||fˆ ||2), we easily obtain for an arbitrary
function f ∈ L2
[f ]22,s = 2
∫
RN
|fˆ(ξ)|2
∫
RN
1− cos(2pi < h, ξ >)
|h|N+2s
dhdξ.
Now, a simple computation gives∫
RN
1− cos(2pi < h, ξ >)
|h|N+2s
dh = (2pi|ξ|)2s
∫
RN
1− cos(hN )
|h|N+2s
dh =
pi
N
2 Γ(1− s)
s22sΓ
(
N+2s
2
)(2pi|ξ|)2s,
where in the last equality we have used the well-known identity∫
RN
1− cos(hN )
|h|N+2s
dh =
2pi
N
2 Γ(1− s)
s22sΓ
(
N+2s
2
) ,
see e.g. [14, Propositions 5.1 and 5.6]. We conclude that the fractional perimeter of the ball
E⋆ = B(0, R) is given by
(2.1) [1E⋆ ]
2
2,s =
pi
N
2
+2sΓ(1− s)
sΓ
(
N+2s
2
)
∫
RN
|ξ|2s|1ˆE⋆(ξ)|
2dξ.
At this point we observe that 1E⋆ = δR−11B(0,1), where δλ(X) = λX are the Euclidean dilations.
By a well-known property of the Fourier transform, this gives 1ˆE⋆(ξ) = R
N 1ˆB(0,1)(Rξ), and since
ωNR
N = |E|, we easily find∫
RN
|ξ|2s|1ˆE⋆(ξ)|
2dξ = RN−2s
∫
RN
|ξ|2s|1ˆB(0,1)(ξ)|
2dξ = ω
2s−N
N
N |E|
N−2s
N
∫
RN
|ξ|2s|1ˆB(0,1)(ξ)|
2dξ.
In what follows, we denote by Jν(z) the Bessel function of the first kind and order ν. Using
Bochner’s formula uˆ(ξ) = 2pi|ξ|−
N
2
+1
∫∞
0 r
N
2 f(r)JN
2
−1(2pi|ξ|r)dr for the Fourier transform of a
spherically symmetric function u(X) = f(|X|), see [3, Theorem 40 p.69], in combination with
the identity
∫ 1
0 x
ν+1Jν(ax)dx = a
−1Jν+1(a), ℜν > −1, see [15, 6.561, 5., p.683], we have
1ˆB(0,1)(ξ) = 2pi|ξ|
−N
2
+1
∫ 1
0
r
N
2 JN
2
−1(2pi|ξ|r)dr = |ξ|
−N
2 JN
2
(2pi|ξ|).
Since the asymptotic behaviour of Jν is given by Jν(z) ∼=
2−ν
Γ(ν+1)z
ν , as z → 0, Jν(z) = O(z
−1/2),
as z → +∞, we see that |ξ|s1ˆB(0,1)(ξ) ∈ L
2(RN ) if and only if s < 1/2 (notice that this shows
that a ball has infinite s-perimeter if 1/2 ≤ s < 1). For 0 < s < 1/2 we thus find
(2.2)
∫
RN
|ξ|2s−N |JN
2
(2pi|ξ|)|2dξ = σN−1
∫ ∞
0
r−(1−2s)|JN
2
(2pir)|2dr.
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The latter integral can be computed explicitly using the beautiful formula
∫ ∞
0
r−λJν(αr)Jµ(αr)dr =
αλ−1Γ(λ)Γ(ν+µ−λ+12 )
2λΓ(µ−ν+λ+12 )Γ(
ν+µ+λ+1
2 )Γ(
ν−µ+λ+1
2 )
,
which holds under the hypothesis that ℜ(ν + µ+ 1) > ℜλ > 0, α > 0, see 6.574, 2. on p. 683 in
[15]. With ν = µ = N/2, λ = 1− 2s > 0, and α = 2pi, we thus find
∫ ∞
0
r−(1−2s)|JN
2
(2pir)|2dr =
Γ(1− 2s)Γ(N+2s2 )
2pi2sΓ(1− s)2Γ(N+2−2s2 )
.
Combining this observation with (2.1), (2.2), we obtain the desired conclusion (1.5), with
i(N, s) =
pi
N
2
+2sΓ(1− s)
sΓ
(
N+2s
2
) ω 2s−NNN σN−1 Γ(1− 2s)Γ(
N+2s
2 )
2pi2sΓ(1− s)2Γ(N+2−2s2 )
(2.3)
=
Npi
N
2
+sΓ(1− 2s)
2sΓ(N2 + 1)
2s
N Γ(1− s)Γ(N+2−2s2 )
.

Next, we give the
Proof of Proposition 1.3. Keeping in mind that the gamma function has a simple pole at z = 0
with residue equal to 1, it is immediate to verify from (2.3) that
lim
sր1/2
(1/2 − s) i(N, s) =
Npi
N
2
Γ(N2 + 1)
1
N Γ(N+12 )
.
By this observation we obtain from (1.12)
(2.4) lim
sր1/2
(1/2 − s) Ps(E) ≥
Npi
N
2
Γ(N2 + 1)
1
N Γ(N+12 )
|E|
N−1
N .
We next use (1.11). We observe that
(2.5)
1
2
∫
SN−1
| < eN , ω > | =
pi
N−1
2
Γ(N+12 )
.
The proof of (2.5) can be done using Bochner’s trick. For every θ ∈ [0, pi], denote Lθ = {ω ∈
S
N−1 |< eN , ω >= cos θ} the (N − 2)-dimensional sphere on S
N−1 with radius sin θ. Then,
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Cavalieri’s principle (Fubini’s theorem) gives
1
2
∫
SN−1
| < eN , ω > | =
1
2
∫ π
0
∫
Lθ
| < eN , ω > |dσ(ω)dθ
=
1
2
∫ π
0
| cos θ|
∫
Lθ
dσ(ω)dθ =
σN−2
2
∫ π
0
| cos θ|(sin θ)N−2dθ
= σN−2
∫ π/2
0
cos θ (sin θ)N−2dθ.
Recalling the definition of Euler’s beta function
B(x, y) = 2
∫ π/2
0
(cos θ)2x−1(sin θ)2y−1dθ,
and that B(x, y) = Γ(x)Γ(y)Γ(x+y) , we easily find
σN−2
∫ π/2
0
cos θ (sin θ)N−2dθ =
pi
N−1
2
Γ(N+12 )
,
which proves (2.5). Combining (2.4) with (1.11) and (2.5), we reach the conclusion
pi
N−1
2
Γ(N+12 )
P (E) ≥
Npi
N
2
Γ(N2 + 1)
1
N Γ(N+12 )
|E|
N−1
N ,
or, equivalently, P (E) ≥ Nω
1
N
N |E|
N−1
N .

3. Addendum
After this note was completed Rupert Frank has kindly informed me that it should be possible
to derive the constant in (1.12) from the work [12]. In a subsequent conversation, Alessio Figalli
has kindly told me that, although the best constant is not explicitly written in [12], it can be
extracted from such work as follows:
1) the best constant is given by Ps(B1)/|B1|
N−2s
N ;
2) the value of Ps(B1) is linked to λ
s
1 by formula (2.11) in [12];
3) λs1 is a multiple of λ
⋆
1 and the link is provided by formula (2.7) in [12];
4) finally, λ⋆1 is given in formula (2.4) in [12].
The cited formula (2.4) in 4) is due to Samko, see [18, Lemma 6.26], and involves a complicated
expression of the eigenvalues of the hypersingular Riesz operators on the unit sphere.
I thank R. Frank for directing my attention to the paper [12], and A. Figalli for providing me
with the above explanation of his joint work. I also thank H. Brezis for bringing to my attention
references [6] and [17], and V. Maz’ya for discussing with me his work [16]. Last, but not least,
I wish to express my gratitude to E. Lieb for the unparalleled inspiration that his ideas have
provided to generations of mathematicians and physicists, and for his kind words.
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